The solution for a multifield material subjected to temperature loading in a circular region is presented in an explicit analytical form. The study concerns the steady -state thermal loading infinite region (heated embedded inclusion), half -space region and two -constituent magneto -electro -thermo -elastic material region. The new mono -harmonic potential functions, obtained by the author, are used in the analysis of punch problem. The more interested case in which the contact region is annular is analyzed. By using the methods of triple integral equations and series solution technique the solution for an indentured multifield substrate over an annular contact region is given. The sensitivity analysis of obtained indentation parameters shows some interesting points. In particular, it shows that the increasing of the applied electric and magnetic potentials reduces the indentation depth in multifield materials.
Introduction
Solutions for various cases of contact problems can be found in the books by Gladwell (1980) , Johnson (1985) , Hills et al. (1993) , Raous et al. (1995) and . However, in these books elastic fields themselves are considered and distinctive mathematical methods are used and elaborated. However, there is no parallel work in the domain of magneto -electro -thermo -elasticity. In the recent paper by Chen et al. (2010) the authors obtained the coupled fields for indentation of a multiferroic composite half -space for three common indenters: flat -ended, conical and spherical. The complete contact problem is considered under the assumption of circular contact region. Various important discussions related to indentation of piezoelectric materials, e.g., on the piezoresponse force microscopy (Kalinin et al., 2004) can be directly borrowed and applied to piezomagnetic materials. It is reasonable to assume that the extension of the findings to multifield composite materials is valid. The effective solution to the contact problem of multifield foundation and truncated conical punch or punch with a concave base was obtained and published recently by the author (Rogowski and Kaliński, 2012; Rogowski, 2012) . In this paper, five potential mono -harmonic functions, obtained by the author, are utilized to solve the punch problem in which the contact region is always annular. The outer circumference of the annulus coincides with the edge of the punch. The inner circumference will shrink with an increasing load. The inner radius is not known a priori and is obtained from the conditions of equal thermal displacement and indentation mechanical depth of the punch on this circumference. On this boundary the phenomenon of adhesive contact is observed. The problem is solved by triple integral equations technique. The relationships between the force, electric charge, magnetic flux, temperature, indentation depth of the punch and electric and magnetic potentials on the boundary are derived.
Axisymmetric solutions of a multifield body
The generalized multifield solution considered here is independent of the variable  in the cylindrical coordinate system   , , r z  . Therefore, the mechanical displacement r u and z u , the electric potential  and magnetic potential  , the mechanical stresses r  ,   , z  and rz  , the electric displacements r D and z D , the magnetic inductions r B and z B can be generally expressed as (Rogowski, 2014) . The temperature in a steady -state and uncoupled thermoelastic problem is governed by 
where in the last equation the denominator is exactly given by the determinant of the matrix in Eq.(2.7). 
The temperature changes
We seek the harmonic function
where   x  to be determined from the thermal field boundary conditions.
The spheroidal coordinates i  and i  are related to cylindrical coordinates r , i z
and are associated with i  (here i 0  ) and with 0 x a   . The derivatives may be easily calculated, that is 
The condition for the prescribed temperature     ,
This is Abel's integral equation with the solution
If we assume the distribution of temperature to be cylindrical constant or revolution conical or revolution parabolic, that is if   , l n t a n t a n tan tan tan , 
The fundamental equations are single -direction coupling such that the thermal loading can change electro -magneto -elastic fields, the mechanical, electric and magnetic loadings cannot change the thermal field. This is a theory of uncoupled thermoelasticity of multifield material where the temperature field is independent of the electric displacement, and in addition, the inertial terms can be neglected.
To satisfy the zero -shear condition at z 0  , we find field defined by harmonic potential (Hankel integral)
, , 
where    H denotes Heaviside's unit function. The full field in this case is given in analytical form, that is   * * , t a n
The nonsingular thermoelastic coupled field can be obtained by superimposing the two parts as given by Eqs (3.9) and (3.15). For a multifield material and embedded interior thin heated inclusion subjected to temperature 0 T at the contact surface the normal and shear stresses, electric and magnetic potentials and electric displacement and magnetic induction in the axial direction are as follow   * * , t a n t a n
l n t a n ln tan ,
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On the plane z 0  we have
The generalized stresses and displacements (3.18) are presented graphically in Fig.2 . 
The half -space problem
We assume that the multifield material changes the temperature on the boundary which is given in the circular region a r  as the constant cylindrical, revolution conical or revolution parabolic(see Fig.3 ). 
The quasi -harmonic functions needed for satisfying the boundary conditions are
where   0 J r  is the Bessel function and  is a parameter of the Hankel transform.
The mixed boundary conditions on the plane z 0 
M is the 4 4  matrix with elements ji M as in Eq.(4.5) (in this equation "-1" denotes the inverse matrix). , t a n tan ,
l n t a n , ln tan , 
Note that on the boundary z 0  the coordinates i  and i  are independent of eigenvalues i  and are , ,
0 r a a r a r a a a r r a 0 r a
On the plane z=0 we obtain 
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The coefficients  , p  , and   may be called "the thermal coefficients of generalized compliances". The generalized displacements u,  and  vanish on the boundary , z 0 r a   and as Fig.2 shows are regular except of the point r 0  , where the solution has logarithmic singularity. All physical quantities satisfy the regularity conditions at infinity.
Punch problem
We assume that the cylindrical punch is flat ended, maintained at a constant electric and magnetic potential and temperature 0 T and loaded centrally by a concentrated force P and by a concentrated electric charge Q and total magnetic flux B . 
The inner circumference of the annulus will shrink with increasing load. The boundary conditions are 
Using the Hankel transform method the integral equations become
where C is the indentation stiffness matrix defined as follows 
where the sum is from 1 to 4. The coefficients i d , i l and i k are given in the Appendix A by Eqs (A6).
The integral equations become
Changing the variable , 
we obtain from Eqs (5.16)
Substituting Eqs (5.18) and (5.15) into the boundary conditions (5.12), we obtain
Using the formula (Gradsztejn and Ryzhik, 1965) 
Introducing the new coefficients n d and n e instead of n b and n f and n g instead of n c as follows
Eq.(5.22) are converted to five algebraic equations with respect to n a , n d , n e , n f and n g where the integrals 
The coefficients m h are calculated from the formulae
for , cos cos for . 
which is the solution of the problem ("theoretically") of full contact.
Note that the solution   m ), which are the elements of the matrix on the right hand side of Eq.(5.8) are non -zero for multifield materials. This suggests that even in the absence of an applied electric and / or magnetic potentials, an electric and magnetic charge could be accumulated on the surface due to the applied mechanical load or displacement.
Similarly, an applied electric potential and / or magnetic potential could cause mechanical pressure at the contact region. Solving Eqs (5.38) and (5.47) with respect to  , 0  and 0  , we obtain the corresponding generalized compliance relations.
Defining the stress, electric displacement and magnetic induction intensity factors as follows
Single phase materials and multifield composite materials
Use the notation 
The constitutive stiffness matrix for the composite will be the inversion of this compliance matrix. The solution presented here may be used for composite materials made of multifield materials.
Conclusions
The potential harmonic theory method has been generalized in this paper to analyze the thermal Green's functions for a multifield material. Green's functions are used to analyze the contact problem of a heated and conducting punch indenting a multifield half -space. The boundary value problem is converted to triple integral equations, which are reduced to simultaneous two infinite systems of algebraic equations. In the limiting case of full contact, which theoretically may occur, the closed form of solution is obtained. The expressions for displacements, stresses, electric and magnetic potentials and electric displacement, and magnetic fluxes are presented in terms of infinite series. Some important relationships between the applied or accompanied loads and indentation depth, constant electric potential and magnetic potential are established. It is worth mentioning here again that the general solution shall take another form for equal eigenvalues cases. However, one can also derive the corresponding results of equal eigenvalues directly from the ones of distinct eigenvalues, by utilizing the well known l'Hospital rule.
In the light of the analytical analysis the following conclusions can be formulated. 1. Increasing the applied electric and / or magnetic potentials will always reduce the indentation depth of the punch. 2. The indentation electric stiffness for the representative multifield material BaTiO 2 -CoFe 2 O 3 is smaller than that for a pure elastic transversely isotropic material. 3. The hypothesis of the constant electric and magnetic potential in the contact region is equivalent to a centrally applied concentrated charge Q and magnetic induction B , which can be obtained by integrating electric displacement and / or magnetic flux over the annular contact region. 4. It can be seen from the obtained formulae that the complete solution can be separated into three parts: the first part corresponds to the normal displacement  , the second to the electric potential 0  and the third to the magnetic potential 0  . 5. If the contact region electric and magnetic potentials occur (conducting punch), then the phenomenon similar to adhesive contact occurs in the left neighborhood of the inner radius of the contact region. 
From author
The Curie brothers discovered the piezoelectric effect in 1880 (Cady W. G., Piezoelectricity, New York, McGraw -Hill, 1964 Vincent, Bimimeting modeling, Phil. Trans., R., Soc., London B, 358 (2003) , 1597. 
MEANDERS OF MULTIFIELD MATERIALS
Def: Piezoelectricity is an electro -mechanical phenomenon, which couples elasticity and electricity through the existence of pressure induced electrical field or electric induced stress field. 
